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Abstract- In  this paper, gegenbauer  polynomials was used to get numerical solution of linear 

complex differential equations. The equations in the form of matrix polynomial were occurred.  
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1. Introduction 

Different type differential equations solved with orthogonal polynomials[1-6]. In this paper, 

the matrix relations between the gegenbauer polynomials and their derivatives, we develop a 

method called the gegenbauer collocation method for solving linear complex differential 

equation. 

∑   ( ) ( )( )   ( ) 
                               (1) 

with the initial conditions 

 ( )( )                                   (2) 

We will let  ( ) is unknown function,   ( ) and  ( ) are analytical functions in the circular 

domain which    *           |    |        +, ;       ,    is appropriate 

complex or real constant. 

We assume that the solution of (1) under the conditions (2) is approximated in the form 

 ( )  ∑     ( )  
                                                  (3) 

 

which is the gegenbauer series of the unknown function  ( ), where all of    are the 

gegenbauer coefficients to be determined. We also use the collocation points 

       
 

 
  

  

 
                                          (4) 

 

2 ) Main Matrix Relations 

Gegenbauer polynomials defined as follows[7]; 
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We can write the Gegenbauer polynomials in the matrix form as 

 ( )   ( )                                                                 (5) 

where   

                                         ( )  ,  ( )   ( )    ( )-   

                              and 

 ( )  ,       -                                                (6) 

 

On the other hand,  

If N is odd, 
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If N is even, 
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We consider the desired solution  ( ) of Eq. (3) 

 

 ( )   ( )      ,       -                                               (7) 

 

the relation between the matrix  ( ) and its derivatives   ( )  ( )( )    ( )( ) are 

   ( )   ( )  

 ( ) ( )   ( )(  ) 

 
  ( ) ( )   ( )(  ) 

                                                     (8) 

Where 
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By using the relations (7) and (8) we obtain the relation 

 ( )( )   ( ) ( )     ( )(  )                                   (9) 

 

By substituting the collocation points         into the relation (9), we get the following 

matrix equations 

 ( )(   )   (    )( 
 )                                        (10) 

 

For              , we can write the relation (10) 

 ( )(    )   (   )( 
 ) 

 ( )(    )   (   )( 
 ) 

 
 ( )(    )   (   )(  ) 

 

where 

  [

    

    

 
    

]  [

  (    )   (    )   (    )    (    )
  (    )   (    )   (    )    (    )

     
  (    )   (    )   (    )    (    )

] 

 

 let us substitute the collocation points (4) into Equation (1), 
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∑   (   ) 
( )(   )   (   )

 
                                                (11) 

 

we obtain the fundamental matrix equation of the relations (9)–(11), 

∑ ∑    (   )( 
 )   ∑   

 
   

 
   

 
                                             (12) 

where 

   [

  (    )    
   (    )   
    
     (    )

]     and      [

 (   )
 (   )

 
 (   )

] 

Since the A is unknown and should be determined, therefore, the matrix equation (12) could 

be rewritten in the following form: 

 

      or ,   -  [      ]                                             (13) 

 

where, 

 

  ∑ ∑    (    )( 
 )  

   
 
     and    ,       - 

 

We now write the corresponding matrix  form of the initial conditions (2) by the aid of (12), 

  

 ( )( )   ( )(  )                      

In other words the matrix form of the initial conditions could be rewritten as  

 

                       

 where  

    ( )(  )                  

the augmented form of these equations is 

 

,     -  ,                -                                        (14) 

 

 

Finally, to find the unknown Gegenbauer coefficients                   related with the 

approximate solution of the problem (1) under the initial conditions (2), we need to replace 

the   rows of (14) by the last   rows of the augmented matrix (13) and hence we have new 

augmented matrix 

[ ̃  ̃]  
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or the  matrix equation    

 ̃   ̃                                                         (16) 

 

If    ( ̃)       can rewrite (16) in the form     ̃   ̃ and the A is uniquely determined. 

Thus the  th order linear complex differential equation with variable coefficients (1) under 

the conditions (2) has an approximated solution. This solution is given by the Gegenbauer 

series (3). Also we can easily check the accuracy of the obtained solutions. Since the 

Gegenbauer series (3) is an approximate solution of (1),when the solutions  ( ) and its 

derivatives are substituted in (1), the resulting equation must be satisfied approximately; that 

is, for                         
 

 (  )  |∑   (  ) 
( )(  )   (  )

 
   |                                      (17) 

 

or 

 

 (  )          (   is any positive integer). 

 

If                (k positive integer) is prescribed, then the truncation limit N is 

increased until the values  (  ) at each of the points    becomes smaller than the prescribed 

    . 

Conclusion 

High-order linear complex differential equations are usually difficult to solve analytically. 

Then, it is required to obtain the approximate solutions. For this reason, a new technique 

using the Gegenbauer polynomials to solve numerically such equations is proposed. This 

method is based on computing the coefficients in the Gegenbauer series expansion of the 

solution of a linear complex differential equation. And the solutions are valid when the 

functions   ( ) and  ( ) are defined in the circular domain 
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